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Abstract. We calculate the semi-inclusive decay rate of an average string state with toroidal compactification in the the
superstring theory. We also apply this calculation to a brane-inflation model in a warped geometry and find that the decay rate
is greatly suppressed if the final strings are both massive and enhanced for massless radiation.
INTRODUCTION
Our study of the massive closed string states was mo-
tivated by the renewed interests in cosmic string[1, 2,
3], and also by a desire to understand the mysterious
open/closed duality in tachyon condensation[4, 5]. The
revival of the cosmic string resides in the fact that in the
low-energy models the cosmic strings could be created
after inflation. In a class of string-inspired models on
inflation, the tachyon condensation plays a fundamental
rule. It has been shown that some strings, including fun-
damental string and solitonic strings, could be created
after tachyon condensation. They are sufficiently stable
and a few of them may survive and be observable in
near future through gravitational wave detectors such as
LIGO and LISA. Furthermore, in the decay products of
the tachyon condensation, there are very massive closed
string states, which could be an origin of the cosmic
string. However these massive fundamental string states
are not stable and may decay to other massive or massless
states. In order to understand the fate of a typical massive
F-string state better, it is essential to study its decay sys-
tematically. On the other hand, even without considering
its phenomenological implication, the study of the decay
of a typical massive string state is an interesting issue on
its own right in string theory. To understand the tachyon
condensation and the mysterious open/close string dual-
ity, the study of the fate of these massive string states is
necessary.
The decay of massive strings is an old problem of
string theory and it is generally difficult to extract de-
tailed knowledge from conventional calculations mainly
due to the exponentially growing state density. States at
the same mass level may be very different, especially
their decay properties. Fortunately in a realistic situation,
such as the rolling tachyon case, details of string states
are not important, and we are only interested in some
sort of averaged decay rates. In an algebraic approach,
J.L Manes considered in [8] the emission spectrum of the
strings of all mass levels for bosonic (open and closed)
strings. It was found there that the decay rates are univer-
sal, in the sense that the leading terms depend only on the
mass level of the strings involved, and the more detailed
properties of the states affect only the sub-leading terms.
To study the stringy properties relevant for cosmol-
ogy, we need to consider the situation where some of the
space-time dimensions are compactified. And in the re-
alistic models, the superstrings rather than the bosonic
strings are used. Therefore we will try to study the
closed string decay in superstring in the flat spacetime
with compactifications and then in a realistic model[6]
with warped compactification. The work reported here is
based on the paper[7].
CLOSED STRING DECAY: WITH
COMPACTIFICATION
We firstly study the emission spectrum of massive closed
bosonic strings in the case where dc out of the total D di-
mensions are compactified on a flat torus. A closed string
state is characterized by its KK momentum numbers ni,
winding numbers wi, and its mass M and momentum k
in the noncompact dimensions. The mass shell condition
reads
α ′M2 = 4(NR− 1)+α ′Q2+ = 4(NL− 1)+α ′Q2− (1)
where Q± = ∑ niRi ±
wiRi
α ′ , and i = 1, ...,dc.
Consider the process
(M,ni,wi)→ (m,n1i,w1i)+ (M2,n2i,w2i) (2)
In the following, we set α ′ = 12 .
We are interested in the averaged semi-inclusive two-
body decay rate: for the initial string and one of the
two final strings, we average over all states of some
given mass, winding and KK momentum. Only the other
string’s state is fully specified (by keeping explicit its
vertex operator). This decay rate can be written as
Γsemi−incl =
AD−dc
M2
g2c
FL
G (NL)
FR
G (NR)
kD−3−dc
dc∏
i
R−1i
(3)
with closed string coupling gc, compactification radius
Ri, and FL and FR are given by
FL = ∑
Φi
∑
Φ f
| 〈Φ f |VL(n1i,w1i,k) | Φi〉 |2
FR = ∑
Φi
∑
Φ f
| 〈Φ f |VR(n1i,w1i,k) | Φi〉 |2,
which can be written as
FL =
∮
C
dz
z
z−NL
∮
C′
dz′
z′
z′−N2L Tr[z ˆNV †L (k,1)z
′ ˆNVL(k,1)].
(4)
In the following, we define w = zz′, and v = z′.
Note that
∫
dD pTr[zL0V †(k,1)z′L0V (k,1)]
= f (w)2−D(−2pi
lnw
)D/2 <V †(k,1) V (k,v)>c,
where
f (w) =
∞
∏
n=1
(1−wn)2−D, (5)
and < · · ·>c denote the correlators on the cylinder. Thus
the master f ormula for the amplitude squared is
FL =
∮
Cw
dw
w
w−NL f (w)2−DINL−N2L(w) (6)
In =
∮
Cv
dv
v
vn <V ′†L(kL,1)V ′L(kL,v)>c
where the contours satisfy |w|< |v|< 1, for |z|, |z′|< 1.
The key point here is that there exist a recursion
relation[8],
In+m2L
(w) = wn+m
2
L [In(w)+ n+
m2L
2
], (7)
which allow us to write the In into a series summation.
Straightforwardly, the master formula could be written as
F =
A
∑
p=1
(n−m2L(p−
1
2
))G [NL−np+ 12m
2
L(p
2− p)]+FNU ,
(8)
where n = NL−N2L, and
FNU =
∮
Cw
dw
w
w−N f (w)2−DIν (w)wνA+ 12 m2L(A2+A) (9)
and the generating function for the mass level density
Trw ˆN = f (w)2−D =
∞
∑
N=0
G (N)wN . (10)
has been used.
In F , all terms except the last one are universal, in
the sense that they does not depend on the details of
any of the three string states involved. The last term
FNU is non-universal. The contribution from FNU to F is
generically negligible, in comparison with the universal
part contribution, except the case A = 0 which happens
when the emitted states carry a large fraction of the total
mass.
One important observation is that we have inequality
√
N1L +
√
N2L ≤
√
NL. (11)
The equality saturate when
k = 0, MQ− =
M2
Q2− , (12)
where k is the momentum in the noncompact directions
and M2,Q2− are the quanta of the outgoing string states
with fixed level N2L. The same inequality holds in the
right-mover. Thus if generically NL > N2L > NL3 , the first
term dominates the whole summation in FL, and the other
terms will be neglected to get
FL ≈ (NL−N2L− 12m
2
L)G (N2L). (13)
FR can be carried out in the same way.
We can get the total decay rate for decays into arbitrary
states of given mass, winding and KK momentum by
simply multiplying by the state density G (N1)
Γ[(M,ni,wi)→ (m,n1i,w1i)+ (M2,n2i,w2i)]
≈ AD−dc
g2c
M2
NLNRGLGRkD−3−dc
dc∏
i
R−1i ,
where
NL = NL−N2L− 12m
2
L , NR = NR−N2R−
1
2
m2R, (14)
and
GL =
G (N1L)G (N2L)
G (NL)
, GR =
G (N1R)G (N2R)
G (NR)
. (15)
As long as N1L ≫ 1 and N2L ≫ 1, we can write
GL ∼ (2piTH)−
D−1
2 (
N1LN2L
NL
)−
D+1
4 e−
√
2tL/TH , (16)
with the Hagedorn temperature TH = 1pi
√
3
D−2 and
tL =
√
NL−
√
N1L−
√
N2L. (17)
We have in the above restored the multiplicative constant
in front of the state density.
From the inequality above, we know that the dominant
decay channel is the original incoming string break into
two strings with the same
α =
M
Q− =
m
Q1− =
M2
Q2− (18)
and without releasing any kinetic energy k = 0.
The total decay rate is
Γm(M,ni,wi)
= ∑
N2
∑
(n1i,n2i)
∑
(w1i,w2i)
Γ[(M,ni,wi)→ (m,n1i,w1i)+ (M2,n2i,w2i)].
The decay rate can be well approximately factorized into
three parts
Γm(M,ni,wi) = Γk ∑
(n1i,n2i)
G
KK ∑
(w1i,w2i)
G
w, (19)
where we make saddle point approximation for the non-
compact momentum, that is we let k = 0, or M2 =M−m,
when considering the KK modes and winding modes.
In general, the contribution from the KK-modes and
windings could be just a constant factor and the depen-
dence on the momentum k could be encoded in
(
mM2
4
)2 exp
(−( α√
α2− 1 +
β√β 2− 1)
k2
2TH
M
2mM2
)
,
(20)
where β = MQ+ . Note that if we measure the energy of
the one of the decay string with mass m, we find a
temperature:
Tm =
TH
2
(
α√
α2− 1 +
β√β 2− 1)
−1(1− m
M
). (21)
This reflects both the recoil effect and the influence of
the KK-modes and windings.
It is remarkable that when α = 1 or β = 1, the de-
cay is completely suppressed. This interesting limit cor-
responds to the BPS condition M =Q− or M =Q+ in the
superstring case. As we show below, all the discussion
here could be applied to the superstring. Therefore, the
fact that the BPS string states are stable is reflect in the
above special limit. Actually, the suppression not only
happens in the decay to the final massive strings, it also
happens in the thermal radiation of the massless parti-
cles. Moreover, from above, the decay of the near BPS
string states are greatly suppressed.
Taking into account of the measure of integral, we
have
Γk = A′dcg
2
c(2piTH)
−D+1 M
m
m
−D−1+dc2
R
∫
∞
0
t
D−3−dc
2 e
− tTH dt,
(22)
where
t = (
α√
α2− 1 +
β√β 2− 1)
k2
2TH
M
2mM2
(23)
and mR = m(M−m)M , and A
′
dc ≈ const.∏
dc
i=1 R
−1
i . Thus in-
cluding the phase space factor, we have a Maxwell-
Boltzmann distribution for t, which could be taken as a
measure of the total kinetic energy.
The mean kinetic energy released per decay could be
characterized by
< t >=
D− 1− dc
2
TH , (24)
which is independent of the masses and satisfies the
equipartition principle in D− 1− dc noncompact spatial
dimensions.
Carrying out the integral, which is just a Γ-function,
we get
Γk ≈ A′Dg2c
M
m
m
−D−1+dc2
R , (25)
with A′D = const.A′dcTH
− (D−1+dc)2 .
The emission rate of strings of mass m is
dΓ(m)
dm =
dΓk(m)
dm ∑
(n1i,n2i)
G
KK ∑
(w1i,w2i)
G
w, (26)
where
dΓk(m)
dm = Γ
kρ(m) = A′′Dg2cMm
−D−1+dc2
R , (27)
with A′′D = 14 A
′
D. It can easily be checked that if we set
dc = 0, the above result reduces to the flat space case.
Next let us consider the decay rate of a typical massive
type II string state in the 10-d dimensional Minkowski
space. The basic quantity to compute is one piece of the
semi-inclusive amplitudes squared,
F =
1
G (N) ∑Φi ∑Φ f | 〈Φ f |V (k) |Φi〉 |
2 . (28)
One observation is that NS emission is the dominant
decay channel for N large, and R sector is suppressed
by 1N , with N being the initial string mass level. For the
NS channel, the key point is to check whether there is
still a recursion relation when the fermions are included.
The above tree level trace could still be converted to a
correlator on the cylinder. What is new for the superstring
case is that due to the presence of fermions, the correlator
is a summation over spin structures. The final result is
that we have the same recursion relation for In as in the
bosonic string and the only change is to replace space-
time dimension 26 by 10. Consequently, the study on the
decay of the massive string states in the bosonic string
theory with toroidal compactification could be carried
over to the superstring case directly.
A REALISTIC MODEL
The results on the toroidal compactifications can be used
to estimate the massive string decay rates in the more
realistic KKLMMT model, where the type IIB strings
live in a highly warped throat with Klebanov-Strassler
geometry.
A general warped geometry
ds2 = H−
1
2 (Y )ηµν dX µdXν +H
1
2 (Y )gi jdY idY j (29)
will induce a potential
V (Y ) =
1
2piα ′H 12 (Y )
(30)
on the string worldsheet, this potential confines the string
to a small region in the compact dimension near the po-
sition where this potential has a minimum. Fluctuations
in these compact dimensions
< Y iY i >=
α ′
2
ln[1+ 1
2piα ′2H 12 (0)∂ 2i V (0)
], (31)
provide an effective compactification volume for strings
living in. When ∂ 2i V is small in string units, that is, the
geometry varies slowly on the string scale, we can look
upon the strings in such a warped geometry as in a box
with the effective compactification volume, and the flat
space calculations above applies.
For the warped geometry, what we have discussed rep-
resents results seen by a 10-dimensional observer. And
the quantities measured by the 4-dimensional observer,
in our case the mass and the momentum, get red-shifted.
Thus we should multiply M,m,M2 and k all by a red-shift
factor H 14 (0). Now the mass shell conditions read like
α ′M2H
1
2 (0) = 4(N− 1). (32)
The emission rate of a string with mass m from a typi-
cal string of mass M in the Klebanov-Strassler geometry
can finally be estimated to be
dΓKS(m)
dm ≈ AKSg
2
cH
− 138 (0)Mm−
15
2
R , (33)
with AKS = 116pi5
Vmin
V⊥
.
With H− 14 (0)∼ 10−4, we see that the emission rate is
suppressed by a factor of order 10−26 in this warped ge-
ometry! Thus in this warped geometry, the decay chan-
nels for a massive string to two massive strings are
greatly suppressed.
We note that the situation is different if one of the two
final strings is massless. It is found that the decay rate is
proportional to the mass of the initial string. So including
the redshift factor, it can be written as
Γmassless ∼ g2cMH
1
4 (0), (34)
from which we see that this decay channel is enhanced
by order 104. Thus in such warped geometries, massive
strings may lose their energy mainly through gravita-
tional radiation.
CONCLUSION
We calculate the cross section of the decay of a massive
closed string state into two massive closed string states;
The decay shows some novel features: KK modes and
windings proportional to the masses preferred; the super-
string share the same recursion relation with the bosonic
string; In a realistic model with warped geometry, the
massless decay is enhanced by the redshift factor.
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